
HW 8 SOLUTIONSProblem 1HF Chapter 6, problem 3We are given a point transformation Z(z; p; t) = Z(z; t) = z � D(t) andare asked to �nd the generating funtion F2(z; P; t) whih yields this transfor-mation. But to �nd F2, we need to know the rest of the transformation, i.e.P (z; p; t)! Sine we have a point transformation (i.e. Z has no p-dependene),the funtion P (z; p; t) is automatially determined in the natural way: rewritethe Lagrangian in terms of Z and _Z, and then P = �L� _Z (Z(z; t); _Z(z; p; t)).We ompute expliitly: L(z; _z) = m2 _z2 � V (z) (1)so L(Z; _Z) = m2 ( _Z + _D)2 � V (Z +D) (2)so P = �L� _Z = m( _Z + _D) = m _z = p (3)so our PDE's for F2 are �F2�P = Z = z �D(t) (4)�F2�z = p (5)We an immediately integrate (4) to obtainF2 = zP � PD(t) + f(z; t) (6)where f is unknown. Plugging this into (5) yieldsp = P + �zf (7)so in view of (3) we an safely take f � 0. ThusF2(z; P; t) = (z �D(t))P (8)1



The new Hamiltonian is�H(Z; P; t) = H(z(Z; t); p(Z; P; t)) + �F2�t = P 22m + V (Z +D)� P _D (9)so Hamilton's equations are� �H�P = _Z = Pm � _D (10)�� �H�Z = _P = �dVdz (Z +D(t)) (11)Now, we an try and Legendre transform F2 to get an F1-type generatingfuntion, butF1(z; Z; t) = F2(z; P; t)� PZ = (z �D)P � PZ = 0 (12)by the de�nition of Z.The reason we annot Legendre transform is that F2 is not onvex inP . This is the ase whenever we have a point transformation Q = Q(q; t);�F2�P = Q(q) implies F2 = PQ(q) + f(q; t) whih is not onvex in P . Anotherway of looking at this is that F1(q; Q) annot be a funtion on phase spaebeause, for a point transformation, q and Q are not independent.Problem 2H+F Chapter 6 Problem 4We have, sine F4(p; P ) is time independent,P (z; p) = �H(Q(z; p); P (z; p)) = H(Q(z; p); P (z; p)) = p22m +mgz (13)so our PDE's for F4 are�F4�P = Q (14)�F4�p = �z = 1mg ( p22m � P ) (15)where we solved (13) for z and substituted in (15). We an integrate (15) toget F4(p; P ) = � 1mg (pP � p3=6m) (16)2



where we set to zero any funtion of P we might have added to F4. Thisthen yields Q = �F4�P = �p=mg: (17)To show that Q is the time, note that_Q = �H�P = �P�P = 1) Q = t + : (18)Problem 3H+F Chapter 6 Problem 5First we note that the determinant in question is just the Poisson braketof Q and P: ������(Q;P )�(q; p) ����� = �Q�q �P�p � �Q�p �P�q = [Q;P ℄: (19)Now, in order to evaluate this Poisson braket in terms of our generatingfuntion F(q,Q) we must be very areful in taking partial derivatives andkeeping trak of what set of variables we are using when we take a partiularderivative. For instane, all the derivatives in �Q�q �P�p � �Q�p �P�q are taken withthe understanding that p and q are the independent variables, so we mustexpress P in terms of p and q, i.e.P = P (p; q) = �F�Q(q; Q(q; p)): (20)Thus, using the hain rule,�Q�q �P�p � �Q�p �P�q = �Q�q �2F�Q2 �Q�p � ( �2F�Q�q + �2F�Q2 �Q�q )�Q�p (21)= �p�Q jq;Q�Q�p jq;p (23)where we used the hain rule in the �rst equality, �F�q jq;Q = p in the seond,all derivatives of F are taken with respet to the variables (q,Q), and we3



were expliit in the last line about the independent variables with respet towhih the partial derivatives are taken. Now, reall thatp = p(q; p) = ��F�q jq;Q(q; Q(q; p)) (24)so by the hain rule 1 = �p�p jq;p = �p�Q jq;Q�Q�p jq;p (25)so by (22) we have ������(Q;P )�(q; p) ����� = [Q;P ℄ = 1 (26)Problem 4H+F hapter 6 Problem 10Not a one-linera)To hek ifQ(q; p) = ln( sinpq ); P (q; p) = qotp is a anonial transformationwe ompute the Poisson Braket of Q and P :[Q;P ℄ = ��q ln(sinpq ) ��p(qotp)� ��p(ln(sinpq )) ��q (qotp) (27)= 1q qs2(p)� ot2(p) (28)= 1 (29)so this transformation is anonial.b) We omputep dq � P dQ = p dq � qotp(�1q dq + otp dp) (30)= (p+ otp)dq + q(1� s2(p))dp (31)= d(pq + qotp) (32))From Q(q; p) = ln( sinpq ) we have p = sin�1(qeQ) = �F1�q so integrating yieldsF1(q; Q) = qe�2Q � q2 + qsin�1(qeQ) + f(Q) (33)4



where f(Q) is an arbitrary funtion of Q. Di�erentiating F1(q; Q) with respetto Q then yields (after some manipulation)�F1�Q = f 0(Q)� e�Qq1� q2e2Q (34)but we must have, using sinp = qeQ and hene otp = 1qeQq1� q2e2Q =q e�2Qq2 � 1, �F1�Q = �P = �qotp = �e�Qq1� q2e2Q (35)so ompatibility with (34) requires f(Q) = onstant whih we set to 0. ThusF1(q; Q) = qe�2Q � q2 + qsin�1(qeQ): (36)Alternatively, one an note that p dq � P dQ = �F1�q dq � �F1�Q dQ = dF sothat F1 = p(q; Q)q+ qot(p(q; Q)). Substituting in our expression for p(q; Q)yields (36).Problem 5H+F hapter 6 Problem 8Another one-liner:[F;G℄Q;P = ������(F;G)�(Q;P ) ����� = ������(F;G)�(q; p) ����� ����� �(q; p)�(Q;P ) ����� = [F;G℄q;p (37)sine ����� �(q; p)�(Q;P ) ����� = [q; p℄Q;P = 1: (38)
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